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O ' Abstract 

(N 

Field theories with anisotropic scaling in 1 + 1 dimensions are considered. It is shown that the 

isomorphism between Lifshitz algebras with dynamical exponents z and z~^ naturally leads to a 
CN I duality between low and high temperature regimes. Assuming the existence of gap in the spectrum, 

this duality allows to obtain a precise formula for the asymptotic growth of the number of states 

f>i ■ with a fixed energy which depends on z and the energy of the ground state, and reduces to the 

^ '. 
,^ , Cardy formula for z = 1. 



rn 

O 



The holographic realization of the duality can be naturally inferred from the fact that Euclidean 
Lifshitz spaces in three dimensions with dynamical exponents and characteristic lengths given by 



(N 
> 

\^ , z, I, and z~^, z~^l, respectively, are diffeomorphic. The semiclassical entropy of black holes with 



Lifshitz asymptotics can then be recovered from the generalization of Cardy formula, where the 
ground state corresponds to a soliton. An explicit example is provided by the existence of a purely 
gravitational soliton solution for BHT massive gravity, which precisely has the required energy that 
k><( I reproduces the entropy of the analytic asymptotically Lifshitz black hole with z = 3. 

C^ ' Remarkably, neither the asymptotic symmetries nor central charges were explicitly used in order 

to obtain these results. 



I. INTRODUCTION 



Field theories with anisotropic scahng are of interest in a variety of subjects, specially 
in the context of quantum criticality in condensed matter physics (see e.g. [l|, |2|). These 
theories have recently attracted the attention of the high energy physics community with 
the aim of finding a holographic description of the strong coupling regime, along the lines 
of the AdS/CFT correspondence 3|-l5|. In this sense, the so-called Lifshitz spacetimes, first 
introduced by Kachru, Liu and Mulligan in [Gj, were proposed as gravitational duals for 
which the anisotropic scaling symmetry is manifestly realized though its isometrics^. As in 
the case of asymptotically AdS spacetimes |8| , finite temperature effects are holographically 
introduced through a black hole in the bulk that asymptotically approaches to the Lifshitz 
spacetime. Since then, several asymptotically Lifshitz black hole solutions have been found, 
including analytic |9l-ll9| and numerical results 20l-|26|. 

In two spacetime dimensions, field theories with anisotropic scaling have also been con- 
sidered along different contexts in e.g., Refs. 



27 



29|, and very recently in |30|. 



One of the main results reported here is that the semiclassical entropy of black holes with 
Lifshitz asymptotics can be obtained from the asymptotic growth of the number of states 
of a field theory with Lifshitz scaling in two dimensions, where the ground state in the bulk 
corresponds to a soliton. 

The plan of the paper is as follows. In the next Section, field theories with Lifshitz scaling 
in 1 + 1 dimensions are considered, and it is shown that a duality between high and low 
temperature regimes naturally arises as a consequence of the fact that Lifshitz algebras with 
dynamical exponents z and z~^ are isomorphic. In Section IIIAl a precise formula for the 
asymptotic growth of the number of states with a fixed energy which depends on z and the 
energy of the ground state is found, which reduces to the Cardy formula for z = \. The 
holographic realization of these results is carried out in Sec. Illlt where it is shown that the 
semiclassical entropy of black holes with Lifshitz asymptotics can then be recovered from 
the corresponding generahzation of Cardy formula, provided the ground state is identified 
as a soliton. An explicit example is provided in Section IIIIAt where a purely gravitational 
soliton solution for BHT massive gravity is found, which precisely has the required energy 



^ These spacetimes were previously discussed in the context of braneworlds in T] . We thank Peter Koroteev 
for bringing this reference to our attention. 



that reproduces the entropy of the analytic asymptotically Lifshitz black hole with z = 3 



found in 12|, while an exhaustive computation for this case is performed in Sec. 1111 B[ 



Finally, Section |IV] is devoted to the summary and the discussion. 

II. FIELD THEORIES WITH ANISOTROPIC SCALING IN 1+1 DIMENSIONS 
AT FINITE TEMPERATURE 

Let us consider a field theory in two spacetime dimensions with anisotropic scaling of the 
form, 

t -)■ X^'t, X ^ \x . (1) 

This symmetry together with translations and shifts in time given by x — > x + Xp, and 
t — > t + tg , are spanned by the following algebra 

[P,//] = 0, [D,F] = P, [D,H] = zH, (2) 

where D is the generator of ([1]), and P, H stand for the momentum generator and the Hamil- 
tonian, respectively. This is known as a two-dimensional Lifshitz algebra with dynamical 



exponent given by z (see e.g. |4j.l3l|). 

A key observation that is worth to be stressed is the following: Lifshitz algebras of the 
form ([2]) with dynamical exponents z and z^^ are isomorphic. This can be easily verified by 
performing the following change of basis 

P = H, H = P, D = z-^D , (3) 

so that the algebra ([2]) is mapped into 

[P,H] = 0, [D,P]=P, [D,H] = z-'H. (4) 

Remarkably, this local isomorphism naturally induces the equivalence between the partition 
function at low and high temperatures for the same theory on a cylinder of radius /. This can 
be seen as follows. At finite temperature T = j3~^ the partition function can be defined on a 
torus where the Euclidean time (r = it) is periodic, such that < r < /3, and < < 2tiI. 
Therefore, the change of basis ([3]) swaps the role of Euclidean time and the angle, so that 
their periods would be < < /3, and < f < 27r/. The period of the angle is then restored 
by virtue of scaling generated by l) in (jlj) , given by 

f -> A^f , (/)-)■ A^ , (5) 



with A = 27r//? ^. Hence the period of r become related with the period of r according to 

^=i2nl)'+h-' , (6) 

which allows to establish the relationship between the partition function at low and high 
temperatures as Z[I3] = Z[(S\. In sum, the partition function can be assumed to be invariant 
under 

Z[P] = z[{2Tilf^-^P~^] , (7) 

which for z = 1 reduces to the well known S'-modular invariance for chiral movers in con- 



formal field theory 32 1 



A. Asymptotic growth of the number of states 

Assuming the existence of gap in the spectrum, the duality of low and high temperatures 
regimes of the partition function ([7]) allows to obtain a precise formula for the asymptotic 
growth of the number of states with a fixed energy which depends on z and the energy of 
the ground state, which is assumed to be negative and given by — Aq. 

The gap guarantees that at low temperatures the partition function becomes dominated 
by the contribution of the ground state, i.e., the partition function can be approximated as 
Z[/3] ~ e^'^". By virtue of Eq. ([7]) it follows that at high temperature the partition function 
is given by Z[(3] ^ e^^'^'-' ^^ ^^°, and therefore, the asymptotic growth of the number of 
states at fixed energy A ^ Aq can be obtained from 



piA) = ^J dl3Z[(3]e^^ , 



with /(/3, A) := (27r/)^"'"~/3~~ Aq + /?A. This expression can be evaluated in the saddle point 
approximation which is characterized by the extremum of /(/3, A). This point corresponds 

z 

to /3* = 27r/(^)^+^, and is such that d^j\a^ = 0. The entropy is then given by S = 



logp(A) ^ /(/?*, A) which reads 



2 



S = 27il{z + 1] 



^1 A 

z 



(9) 



Note that for z = 1, the entropy reduces to .S = 47r/A/AoA, so that Cardy formula is 
recovered^. Moreover, the entropy in (|9]) fulfills the property S'(Ao,A,z) = S'(A, Ag, -2^^), 
which is a consequence of the isomorphism of the Lifshitz algebras ([2]) and (jlj). 

In the Canonical ensemble, the first law, dA = TdS^ allows to express the energy in terms 
of Aq and the temperature according to 

A = -(27rO'+^AoTi+^ , (10) 

which reduces to the Stefan-Boltzmann law for z = \. Analogously, the entropy can be 
written as 



5=(27r/)^+Wl + -j AoTi . (11) 

In what follows it is shown that the thermodynamics of three-dimensional black holes with 
Lifshitz asymptotics precisely fits the results found in this section, where the ground state 
turns out to be a soliton. 

III. ANISOTROPIC HOLOGRAPHY, SOLITONS AND THE MICROSCOPIC 
ENTROPY OF ASYMPTOTICALLY LIFSHITZ BLACK HOLES 

The holographic realization of the duality expressed by Eq. ([7]) can be naturally inferred 
from the fact that Euclidean Lifshitz spaces in three dimensions with dynamical exponents 
and characteristic lengths given by 2;, /, and 2^^, 2^^/, respectively, are diffeomorphic pro- 
vided their Euclidean time periods are related exactly as in Eq. (J6]). This can be seen as 



2 



We have implicitly assumed that the ground state is non degenerate; otherwise the asymptotic growth of 



the number of states is given by p (A) = p(Ao)exp 



27r?(z + l) (4^) A 



where p (Aq) stands for 



the ground state degeneracy. 
^ As explained in |33], in terms of the shifted Virasoro operator Lq = -^0 ^ ^, Cardy formula can be 
expressed only through its fixed and lowest eigenvalues, given by A and — Ao, respectively. Thus, the 
asymptotic growth of the number of states can be obtained from the spectrum without making any 
explicit reference to the central charges. The corresponding energies are then given by A = A/"^ and 
— Ao = — AqZ^^, respectively. 



follows. The metric of Euclidean Lifsliitz space in three dimensions is given by [6| 



Is 



rf,= = id.= + ,=^ + ^. 



2z 



(12) 



where < r < /3 and < < 27r/. Performing a coordinate transformation defined by 






-r, r 



27r/Y 



13 r' 
2nz¥ ' 



(13) 



makes the line element (fT2|) to acquire the form 






2^72 



/I 



2;^ r^ 



(14) 



- - - l + z 1 

where < f < /9 and < < 2tiI, with /3 = (27r/) " I3~~ m. full agreement with Eq. 



It is worth pointing out that, since this procedure is purely geometrical, the result remains 
valid regardless the theory under consideration. Therefore, analogously, an asymptotically 
Lifshitz Euclidean black hole with finite temperature /3 in three dimensions becomes dif- 
feomorphic to a soliton with temperature /3, with dynamical exponents and characteristic 
lengths given by z, /, and 2"^, z~^l, respectively. The Lorentzian soliton is then regu- 
lar everywhere and devoid of closed timelike curves provided t = zr is unwrapped. As a 
consequence the soliton has a fixed mass, since the corresponding integration constant is 
reabsorbed by a simple rescaling. It becomes then natural to regard the soliton as the 
corresponding ground state. 

Indeed, there are known examples for asymptotically AdS black holes and solitons in 
three dimensions where this mechanism successfully reproduces the microscopic entropy of 
the black hole by means of Cardy formula. This has been explicitly shown for a different 



33 



class of black holes with scalar hair and scalar solitons in General Relativity 
as for hairy black holes and solitons in vacuum for BHT massive gravity [35 



as well 



sense, the soliton plays the role of AdS in General Relativity 



32 



AdS and the Euclidean BTZ black hole 



40 



4l| are diffeomorphic 42|, |43 1 . 



38 



-|37|. In this 



, since Euclidean 



Here we show how this mechanism can be extended in the case of asymptotically Lifshitz 
black holes and solitons in three dimensions. 

Let us consider a soliton with mass given by Msoi = — M], with Mq > 0, so that its 
Euclidean action reads 

h = PMo ■ (15) 



By virtue of the duality between low and high temperatures ([6]) the value of the Euclidean 
action for the corresponding black hole is then given by 

/ = Mo{2niy+^^~^ . (16) 

Therefore, the black hole mass and its semiclassical entropy, given by M = —dpi, S = 
(1 — /3di3) I, respectively, turn out to be 

M = -(27r/)^+^MoT^+^ , (17) 

and 

S = (27r/)i+^ (l + -^ MoT^ . (18) 

Remarkably, the black hole mass (TT7|) and entropy (TT8|) precisely agree with the cor- 
responding energy and entropy for the field theory with dynamical exponent 2; in 1 + 1 
dimensions, given by fllUp and fllip . respectively, provided the black hole mass is given by 
the energy of the field theory, and the energy of the ground state is fixed by the soliton 
mass, i.e., for Ag = Mq, and A = M. 

It is then reassuring to verify that once formula (fT7|) is plugged into (fTSjl . one obtains 



S = 2ttI{z + 1) 



^1 M 

z 



(19) 



in full agreement with the asymptotic growth of the number of states in the corresponding 
field theory, given by (jH]). 

For simplicity, we have considered here asymptotically Lifshitz spacetimes whose only 
nonvanishing global charge is the mass. In presence of additional global charges, one should 
work in the grand canonical ensemble. 

An explicit example of these results is provided by the existence of a purely gravitational 
soliton solution for BHT massive gravity, which precisely has the energy that successfully 
reproduces the entropy of the analytic asymptotically Lifshitz black hole with 2; = 3 found 
in Ref. 12|. This is discussed next. 



A. An explicit example for BHT massive gravity 

The new massive gravity theory, recently proposed by Bergshoeff, Hohm and Townsend 
(BHT) is described by the following action 44 1 



IQ-kG jj^ 



m^ \ 8 



(20) 



Hereafter we will focus on a special case, given by 

A = 13m^ , (21) 

for which the theory admits Lifshitz spacetimes as vacuum solutions with dynamical expo- 
nents and characteristic lengths z,l and 2;"^,2~^/, where z = ?> and /^ = — 2^- As pointed 
out in [12|, in this case the theory also admits a remarkably simple analytic asymptotically 
Lifshitz black hole solution in vacuum with z = 3, whose metric reads 

The coordinates range as — oo < t < +oo, < r < oo, < < 27r/, and the event horizon 
is located at r = r+, surrounding the singularity at the origin. Its Hawking temperature is 
then given by 

^ = ^"=2^(t)'' (2^' 

1. Gravitational Soliton 

The theory fl20|) at the special case fl2Tl) also turns out to admit a gravitational soliton in 
vacuum. The solution is given by 

ds^ = - cosh^ pdP + Pdp^ + cosh"^ p sinh^ p dcp"^ , (24) 

with — oo < i < +00, < p < oo, and < < 2ttI, and the scalar curvature reads 

18 8 , 2 

This spacetime is regular everywhere, geodesically complete and shares the same causal 
structure with AdS spacetime. The soliton describes an asymptotically Lifshitz spacetime 



with dynamical exponent z = ^ and characteristic length |, as it can be explicitly verified 
performing a redefinition of the radial coordinate according to 

f = - cosh^ p , (25) 

so that for f — )■ oo, the metric ( l24l) approaches to that of a (Lorentzian) Lifshitz spacetime 
( IT2I) with the corresponding dynamical exponent and characteristic length. 

It is worth highlighting that, unlike the Lifshitz spacetime ( IT2l) . the soliton (IMl) is devoid 
of divergent tidal forces near the origin. 



It is then simple to verify that the Euclidean continuation of the soliton flMl) with f = it, 
is diffeomorphic to the Euclidean black hole ( !22|) with r = it, provided their temperatures 
are related as in Eq. ([6]). The corresponding coordinate transformation is given by flT3l) . 
which in order to fit the gauge choice of the radial coordinate as in Eq. ( |24l) . has to be 
followed by (ESI). 



In sum, the theory (1201) at the special case (1211) admits nontrivial asymptotically Lifshitz 
solutions in vacuum, given by the black hole ( l22l) and the gravitational soliton ( 124|) . Note 
that since their corresponding dynamical exponents and characteristic lengths are given 
by 3, /, and |, |, respectively, both metrics do not match at infinity, which a priori may 
appear as an obstacle to compare them in the same footing. Indeed, the obstruction remains 
for asymptotically Lifshitz spacetimes with generically different dynamical exponents and 
characteristic lengths. Nonetheless, and remarkably, when they are related as z,l, and z~^, 
z~^l, as in our case, the obstacle can be circumvented due to the fact that their corresponding 
Euclidean continuations are diffeomorphic provided the temperatures are related according 
to Eq. (|6]), and hence, any suitably regularized Euclidean action for the black hole is 
necessarily finite for the gravitational soliton and vice versa. This is explicitly confirmed in 
the next subsection. 

B. Regularized Euclidean action: Soliton as the ground state and microscopic 
black hole entropy 



The BHT action ( l20l) at the special point ( 1211) can be regularized following the quasilocal 
approach of Brown and York [45|], endowed with suitable counterterms along the lines of 



46l. l47l| ■ For the case under consideration this task was carried out by Hohm and Tonni 
in 48|, where it was shown that the regularized Brown- York stress energy tensor gives 
the mass for the asymptotically Lifshitz black hole (122 p which agrees with the first law of 
thermodynamics. Here we show that the regularized Euclidean action also reproduces the 
expected results, as in Eqs. (113]) and ( 1TB]) . for the gravitational soliton 1^^ and the black 
hole ( 122]) . respectively. 

In second order formalism the bulk action (120]) can be expressed as 



1 



l6nG 



(fxy/—g 



M 



R-2X- rc,, + im^ {f,,r - /') 



where /^^ is an auxiliary field. The regularized action is given by 48 1 



-^rpcr -'t^ttt^ \ -'npT ~l~ ^C 



Teg 



'bHT "•" -'gH "•" -'ct ; 



where the boundary terms read 

1 



IGTrG 



dM 



d^x^f^ -2K - f^Kij + fK 



1 



'ct 



327TGP 



(fxy/—J 



dM 



15 + 1/ _ 1/2 

2-^ 16 



(26) 

(27) 

(28) 
(29) 



Here, /*-^ is defined in terms of f^^ and the shift A^-' of a radial ADM decomposition of the 
bulk metric according to 

fij = fij + 2f^'N^^ + f"N'N^ . (30) 

1. Gravitational Soliton 



Evaluating the Euclidean continuation of the gravitational soliton (j24]) on each term of 
the regularized action (|27]) . one obtains that the relevant terms are given by 



^ 



=2p 



^ 



^ 



4ht 26-1 2 +^j ' ^«" 2^""''' ^^* 4G^ ""'"^^^ ' 



(31) 

so that the divergences exactly cancel out and the total Euclidean action ( 127]) for the soliton 
becomes finite and given by 



Therefore, as expected, the soliton has a fixed negative mass is given by 

3 



M. 



sol 



-Mn 



-d-ph 



4G 



(32) 



(33) 
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As explained in section llllt since the soliton (^^ is diffeomorphic to the black hole 
fl22|) . the Euclidean action of the latter is obtained from f l32|) . by virtue of the relationship 
between their Euclidean time periods as in Eq. (^. Nevertheless, an explicit evaluation of 
the regularized Euclidean action turns out to be a reassuring and healthy exercise which is 
performed next. 

2. Asymptotically Lifshitz black hole 

Each term of the regularized action (17r|) . once evaluated in the Euclidean continuation 
of the black hole ( 122|) , gives 

4hx = §1 i-r' + rl) , ^oH = || (2r^ - r^) , I. = ^ (-r^ + ^) , (34) 



and hence, divergences again cancel out so that the Euclidean action f l27j) is finite and reads 

Once expressed in terms of the temperature fl23l) . the Euclidean action fl35|) is given by 

1 = ^(2^1)10, (36) 

which reduces to — /3 times the free energy in the semiclassical approximation, i.e., I = —fiF, 
with F = M — TS. Therefore, the first law is recovered requiring the action to possess an 
extremum, so that the mass, M = —dj^I, is given by 

M^i,(2.0M-t^i,(^)\ (37) 

This is in agreement with the result found through the evaluation of the Brown- York stress- 



49 



energy tensor in 48[ . The mass has also been computed by different methods in Refs. 



50| . The semiclassical black hole entropy is then given by 5" = (1 — Pdp)I, which 



reduces to 



4 



s.P|lir-^. (38) 



and agrees with the result found in [13|, |48| by means of Wald's formula [51|. 

Note that by virtue of the precise value of the soliton mass in Eq. fl33|) . the Euclidean 
action, mass and black hole entropy obtained in the previous section, given by the generic 
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formulae ( !T6|) . ( !T7|) and (fT8|) . exactly reduce to the ones computed above, given by (135|) . (137|) 
and fl38|) . respectively. 

The link with the microscopic counting of states of the field theory with anisotropic 
scaling is then seen as follows. Once formula fl57|) is plugged into fl5S]) one obtains the black 
hole entropy as a function of its mass, given by 



S = 8nl 



1 \' 
4G- ^ 



(39) 



which precisely agrees with ( IT9|) . and hence with and the asymptotic growth of the number 
of states in Eq. ([9]), provided the black hole mass is identified with the energy of the dual 
field theory, and the energy of the ground state is determined by the soliton mass, i.e., for 
Ao = Mo = ^ and A = M. 

IV. SUMMARY AND DISCUSSION 

Field theories with anisotropic scaling of the form ([1]) in 1 + 1 dimensions were analyzed. 
It was shown that the isomorphism between Lifshitz algebras ([2]) and (j4]) with dynamical 
exponents z and z~^, respectively, naturally induces the equivalence between the partition 
function at high and low temperatures for the same theory on a cylinder of radius /, according 
to Eq. (jTj). In the case of 2; = 1 it is simple to verify that the Lifshitz algebra ([2]) is 
isomorphic to Poincare in 1 + 1, and it is then amusing to verify that the well-known S"- 
modular invariance for chiral movers in conformal field theory can be recovered requiring 
much less symmetries. The existence of a gap in the spectrum guarantees that at low 
temperatures the partition function becomes dominated by the contribution of the ground 
state. Hence, the duality allows to obtain a precise formula for the asymptotic growth of the 
number of states with a fixed energy, given by iQ, which depends on z and the energy of the 
ground state, and reduces to Cardy formula for z = 1. In the canonical ensemble, the energy 
and the entropy acquire the expected dependence on the temperature for a field theory with 
the anisotropic scaling ([T]) (see e.g. 9|, 52|), and remarkably their precise form, which 



gives a measure of the number of degrees of freedom, becomes determined by the dynamical 
exponent z and the ground state energy — Aq as in Eqs. (ITOl) and (ITTl) . respectively. 

The duality expressed by Eq. ([7]) admits an interesting holographic realization. This can 
be seen from the fact that Euclidean Lifshitz spaces in three dimensions (IT2|) and (IT^ with 

12 



dynamical exponents and characteristic lengths given by z, /, and z"^, z~^l, respectively, 
are related by the coordinate transformation f fT3|) . so that they are diffeomorphic provided 
their Euclidean time periods are related exactly as in Eq. (E]). 

Remarkably, this procedure is purely geometrical, and hence the result remains the same 
regardless the theory under consideration. As a consequence, the semiclassical entropy 
of black holes with Lifshitz asymptotics can then be recovered from the generalization of 
Cardy formula in ([9]), where the ground state corresponds to a soliton. This result stems 
from the fact that an asymptotically Lifshitz Euclidean black hole in three dimensions and 
a soliton, with dynamical exponents and characteristic lengths given by z, /, and z~^ , z~^l, 
respectively, become diffeomorphic provided their Euclidean time periods are related as in 



Eq. (jni). In particular, in the sense of Horava and Melby-Thompson 53|, the anisotropic 
conformal boundary of the Euclidean black hole and the soliton is then the same torus. 

The Euclidean action of the black hole (TT6|) is then related to the one of the soliton (fT5|) 
by virtue of the duality between high and low temperatures ([6]), and therefore, the black hole 
entropy is shown to be given by (JTOll . Remarkably, this formula precisely agrees with the 
asymptotic growth of the number of states in the corresponding field theory with dynamical 
exponent z in 1 + 1 dimensions, given by iQ, provided the black hole mass is given by the 
energy of the field theory, and the energy of the ground state is fixed by the soliton mass. 

Remarkably, neither the asymptotic symmetries nor central charges were explicitly used in 
order to obtain these results, and hence they should naturally extend for higher dimensional 
black holes with an emergent three-dimensional Lifshitz geometry near the horizon. 

Since the soliton mass is negative, the specific heat of the black hole 

C=|^ = ii^(2.0-iM„Ti. (40) 

is manifestly positive, and therefore the black hole may reach local thermal equilibrium with 
a heat bath. Nonetheless, at the critical temperature T = ^^, which corresponds to the 
self-dual point of the transformation ([6]), i.e., /3 = /3, according to Eqs. ( IT5l) and (fT6l) . the 
soliton and the asymptotically Lifshitz black hole possess the same free energy. This means 
that at high temperatures the partition function turns out to be dominated by the black 
hole, while for low temperatures it becomes dominated by thermal radiation on the soliton. 
Note that at fixed temperature, apart from the black hole and the gravitational soliton, the 

13 



Lifshitz spacetime also appears as an additional possible decay channel. However, since its 
free energy vanishes, the Lifshitz spacetime cannot dominate the partition function and it 
is then always unstable against thermal decay. 

It is worth pointing out here that at an arbitrarily small temperature, since the horizon 
radius of the black hole becomes arbitrarily small, an external observer that is nearby the 



horizon ma\ 



Ql 



'eel arbitrarily large tidal forces, as it occurs for a Lifshitz spacetime around the 



origin [6|, |5^ |55|] . However, as explained above, since in this case the soliton is the preferred 
configuration, this mechanism can be regarded as a sort of extension of cosmic censorship 
that resolves the potential singularities in the tidal forces. Indeed, unlike Lifshitz spacetime, 
the Lorentzian soliton is geodesically complete and regular everywhere. 

An explicit example of these results was provided by showing the existence of the grav- 
itational soliton ( l24l) for BHT massive gravity, which possesses the precise mass, given by 
m, that successfully rcproducesthe entropy of the analytic asy,„ptot,cally Lifshitz black 
hole with z = 3 found in Ref. [12[. In this case, the soliton is an asymptotically Lifshitz 
spacetime with z = ^. Note that for General Relativity, making use of "reverse engineering" , 
i.e., plugging asymptotically Lifshitz metrics into the Einstein field equations in order to find 
the corresponding stress energy tensor, it has been shown that the null energy condition is 
violated for z < 1 



56 



57l |. It is then worth to remark that since the the gravitational soliton 
i^^ is a solution of the field equations in vacuum, the whole spacetime is devoid of any kind 
of stress-energy tensor, and hence no energy conditions can be violated. Thus, the result 
found for General relativity does not apply for BHT massive gravity. 

As an ending remark, it would be interesting to explore whether the soliton mass captures 
a possible central charge of an affine extension of the Lifshitz algebra ([2]). 
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